Available online at www.sciencedirect.com
80IENOE@DIRECT° JOURI*[ALOF_
Approximation
Theory

Journal of Approximation Theory 129 (2004) 102-117
http://www.elsevier.com/locate/j at

s

I

Erratum
Convergence of Hermite—Fejér type interpolation

of higher order on an arbitrary system of
nodes ™ 7
Ying Guang Shi*

Department of Mathematics, Hunan Normal University, Changsha, Hunan 410081, China

Received 17 January 2002; accepted in revised form 23 April 2003

Communicated by Jozsef Szabados

Abstract
A criterion of convergence for general Hermite—Fejér-type interpolation of higher order on

an arbitrary system of nodes is given.
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1. Introduction
Let N;:={1,3,5,...} and N, :={2,4,6,...}. Let neN (n=2),mp,eN (k=
(1.1)

1,2,...,n, n=2,3,...), and
Xon = 1>xln>x2n> >xnn>xn+1,n = 717 n= 2’3’ ter ot
. will

In what follows, we shall often omit the superfluous notations, i.e., nx,, Xk,
be denoted by my, x, ..., etc. Throughout this paper let N = N, == ;| my, — 1
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and m = max| <k <n, n>2 Min < + 0. Denote by Py the set of polynomials of degree
at most NV and by A4 the fundamental polynomials for Hermite interpolation, i.e.,

Ay ePy satisfy

AP (x)) = 0pdkgy p=0.1,..omy—1, j=0,1,...mc—1, k=12, ....n.

(1.2)
The Hermite—Fejér-type interpolation for f'e C[—1, 1] is given by
Hy(f1x) =Y f (o) Aok (). (1.3)
k=1

In [5] the author established a criterion of convergence for Hermite—Fejér-type
interpolation of higher order on an arbitrary system of nodes as follows (|| - || stands
for the uniform norm on [—1,1] and f;(x) = x', i =1,2,...):

Theorem A (Shi [5, Theorem 4.2]). Let my, = meN,. Then
nlirrolo ||Hnm(f) _f“ =0 (1'4)
holds for all f € C|—1,1] if and only if

> Ao

k=1

[ Hum|| = =0() (1.5)

is true and (1.4) holds for the two monomials f = f;, i = 1,2.

The main aim of this paper is to establish a criterion of convergence for general
Hermite—Fejér-type interpolation of higher order on an arbitrary system of nodes,
replacing the assumption that my, = meN, by the assumption that all my, eN,.
That is the following:

Theorem. Let all my, € N,. Then relation (1.4) holds for all f € C|—1,1] if and only if
relation (1.5) is true and (1.4) holds for the two monomials f = f;, i = 1,2.

This extension is not trivial. To prove the theorem we have to prove a series of

auxilary lemmas, which are of independent interest and put in the next section. Then
we give the proof of the theorem in the last section.

2. Auxiliary lemmas

First, we state some known results needed later.
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Lemma A (Borwein and Erdélyi [1, p. 235]). Let PeP,. Then
[PD)|< |Tu(y)] 1P

=+ 07 =D+ = 02 = DIPIL >
where T, stands for the nth Chebyshev polynomial of the first kind.

(2.1)

Lemma B (Shi [5, Lemma 4.1]). Let PreP,, k=1,2,.... M, and 1=y, >y, > -

Syu>— 1 If
M
Z [(x = yi) Pr(x)||| = w,
i
and
M
S P < J=1,2,0 M,
=
then

2ty +v,).

Z |Plc

In particular, if M =1 and Py(y1) =0, |y1| <1, then
4ny,,

(1=

121 <

Lemma C (Shi [5, Theorem 2.1]). If for a fixed n, my — j is odd and j<i<my — 1 then

T
()| <L 7| Ap (), xe[-1,1], 1<k<n,
i! *
where di .= max{|xy — xg_1|, |xx — xk11l}, k=1,2,...,n

Lemma 1. Let all my, eN,. If
[ Hum|| =ty
then

<8m’n’p,.

k=1

Proof. By the same argument as that of [5, Theorem 2.3] we can get

n

(2.2)

(x — xp) Ak (x [(x — x) A1 (x)] < (x—xk)zAOk(x), xeR.
> Z: >

k=1 k=1

(2.5)
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Hence by (2.3) we obtain

i (x = xp) A1k (x) <4y,

k=1

which according to Lemma B gives (2.4) (by deg Ay <nm). O

Lemma 2. Let 45 be the fundamental polynomials for Hermite interpolation based on
the system of nodes

Xy, = aXpm, O<a<l, k=1,2,...0n, n=2,3,... . (2.6)
Then with the notations x = cos 0 and x* = cos 0*

0y, = arccos(acos Oi,), k=1,2,....n, (2.7)
(%) = a/Ap(x/a), k=1,2,....n, j=0,1,..m—1, (2.8)

max |A (x)| = a/ max |[Ai(x)], k=1,2,...,n, j=0,1,...,m —1
Ix[<1 Ix|<1/a

(2.9)

and

<la™ 4 (@2 = 1)1 . (2.10)

1 Hol| =

n
D 4l
k=1

Proof. Relations (2.7)—(2.9) may be obtained directly from the definition. Now let us
prove (2.10). Assume that

n
> |Ao(y)| = max Z|A0k I, <1/a.

= <1/

This relation, together with (2.8), yields

n
| Hl| = max Z | Ak (x)| = max Y~ | Aok (x/a)|
k= k=1

[x|<1
= max Z [Aoi ()] = Z [ Aok (¥)]- (2.11)
wi<ija 4= pa
If |y|<1 then by (2.11) we have that

|| H,ll = Z [ Aok D) < [ Homl[,

k=1
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if [y|>1 then by (2.11) and (2.1) we have that

n n

WHll = 1A =D [sen Aok (»)] Aok ()
k=1 k=1
uy+< R S TR s VR
<[+ 07 = 1) | Hul|
'@ =) Hyl|. O

i [sgn Aok (v)] Aox

k=1

< la”

In the sequel ¢, ¢, ... will stand for positive constants depending only on m, unless
otherwise indicated; their values may be different at different occurrences, even in
subsequent formulas; in addition, ¢,,¢,/>=1 will stand for positive constants
depending only on r and increasing with respect to r, their values may also be
different at different occurrences, even in subsequent formulas.

Lemma 3. Let reN, p>0, and

f(0) = (sin ph)". (2.12)
Then

SO <erp) sinpol 7, 0<j<r. (213)
Proof (By induction). Relation (2.13) with j =0 is trivial. Suppose now, as an

induction hypothesis, that relation (2.13) holds for all j, j<g<r. Differentiating
(2.12) yields

1'(0) = rp(sin p0)" " cos pO

and then differentiating the above relation ¢ times gives (using the induction
hypothesis)

| S4O)] =rp

q
Z( ) (sin p0) 1Y) (cos p0) 7~
0
q .
rpZ( ) [(r — 1)p]/|sin pO| " pa
Jj=0
A 1. 7q
< ¢y (rp)™sin p0) 11 Z(l)

J=0

= cg(rp)""|sin po)' ="~ 72

= cqr1(rp)**'[sin po] " 4HY,

which shows that relation (2.13) is true for j = ¢ + 1. By induction this proves
(2.13). O
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Lemma 4. Let reN, p>0, and

_ [sin(p0/2)]"
4(6) = [sin<9/2>] '

Then
97(0)|<c;(rp) Isin(0/2)] "7, 00, 0<j<r.

Proof (By induction). Relation (2.14) implies
19(0)[<Isin(6/2)™",

107

(2.14)

(2.15)

which implies that relation (2.15) is true for j = 0. Suppose now, as an induction

hypothesis, that relation (2.15) is true for all j, j<g<r. Rewrite (2.14) as

g(0)[sin(6/2)]" = [sin(p6/2)]".

Differentiating this relation (¢ + 1) times and then using (2.13) (replacing ¢; by ¢/’ in

it) and the induction hypothesis, we get

197D (0)[sin(0/2)]']

_ |(isin(p0/2)175*" Z(”. 1>g<_,>( J(isin(0/2)] 1)

Jj=0 J
<cgat (rp/2)" [sin(po)/2)) "

+Z( )CJ rp): |Sln(9/2)| r /Cq+1 S (r/2)q+1 /|sm(9/2)| (g+1—))

q
q+1
<t )"+ cqeq () fsin(0/2) ! Z( )
Jj=0

q+1
. o +1
<egur (rp) ™ [sin(0/2)] ¢! Z(q . )

A
<c 1 (rp)™sin(0/2)]77 7"

Then

9D (@) < i (rp) ™ [sin(0/2)] Y,

which shows that relation (2.15) is true for j = ¢+ 1. By induction this proves

2.15). O

Lemma 5. Let yeP, and
¢(0) = Y(cosh), 0<O<m.

(2.16)
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Then
_ o d
W9 (cos 0)| <—L—; |0 (0)|(sin 0£0), j=1. (2.17)
(sind)” 1=
Proof. First let us prove that
J
Z (cos0), j=1, (2.18)

where ¢,;(0) is a trigonometric polynomial of degree v and
¢i(0) = (=sin0)’, e (0!, v=1,2,...,/. (2.19)

We use induction. It is easy to see that relations (2.18) and (2.19) hold for j = 1.
Suppose now, as an induction hypothesis, that relations (2.18) and (2.19) are true for
all j, 1<j<gq. By differentiation of (2.18) with j = ¢ we obtain

q
AR Z g (0P (cos 0) — ¢,y (0)"“ ) (cos 0)sin 6]

-
+
LR

ey’ (0) — ¢y1 4(0)sin Oy (cos 0)

I
g

R
th

=Y g (0" (cos 0),
v=1

where ¢g4(0) = ¢4+1,4(0) =0 and
Crgr1(0) = ¢ (0) — ¢y_1,4(0)sin 0. (2.20)

Hence by (2.19) ¢;114+1(0) = —cgq(0)sin 6 = (—sin )7 and |[|¢ 41411/ <1 (here || -
|| stands for the uniform norm on [0,2x]); by Bernstein inequality it follows from
(2.20) that ||c},|| <V||cq|| and hence

vq

levgrall <vlenll + lle1 gl <0+ D<@+ 1)1, 1<v<q.
This shows that relations (2.18) and (2.19) are true for j = ¢ + 1. By induction this
proves (2.18) and (2.19).

For the proof of (2.17) we again use induction. It is easy to see that relation
(2.17) is true for j = 1. Suppose now, as an induction hypothesis, that relation
(2.17) is true for all j, 1<j<gq. It follows from (2.18), (2.19), and the induction
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hypothesis that

W (cos 0)] < —— |9V (0)] + (g + 1)1 S W (cos 0>|]

(sin 6) o

i .
1 D 0)] + (g +1)! D) Id)("’(@)l]

= (sin 0)7"!

U g 0)| Dleg S~ 5~ 409
s (sin@)"+1 _|¢ (©) sm@ Z ; 1470

1 [ 1 g .
<W |61 (0)] + % > |¢>“)(0)I]
j=1
Cq+1
(sm; (1) Z 47

This shows that relation (2.17) is true for j=¢+1 and by induction
proves (2.17). O

Lemma 6. Let 0<0,t<m, g be defined by (2.14), and
¢(0) = p~"g(0 + 1) +9(0 —7)]. (2.21)

Let y be defined by (2.16). Then
) ) Vi r+j
W (cos ) <—P_| 3% 0 0 gen 0217, 0<j<r (2.22)

p(sin 0)-72 0—1

Proof. Suppose without loss of generality that 0<6<m/2. By (2.21) and (2.15)

() ¢i(rp)’ 1 1
OISy {sin[(O T 0/ Jsinf(0 - f)/z]’ﬂ}' (2.23)

Since 0<0<n/2, we have 0< (0 + 1)/2<3n/4 and hence

2<0+‘c>_0+‘c 0+t
.0 2 ) ’ 2 2
sin et " " (2.24)
2 21259~ 1/2 0+ 20—!—1 E<0+r<3_n.
T\ 2 o’ 2 2 4
This implies
. 0+71_0+7 0+t 3m
> <—. .
sin——>—_—, 0< <7 (2.25)
Of course, we have
00—t |0—1
sin = .
i
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Substituting the above inequalities into (2.23), we obtain

; (rp) [ | 27 |V rj
) <cj(rp) i n
¢ (0)] P 0+ Jr’@—r
. J 3 r+j
<‘f(;{’) 9_”T . j=0. (2.26)

inserting estimation (2.26) into (2.17), we have

. Ci v
') (cos 0)] < — = 6 (0)]
(sin 0)”
.5 % a(rp)”‘ 3 [
h (Sil’l 9) 7 =1 pr 0—r
< gl |3 "
h pr(sin (J)J'2 0—r
Lemma 7. Let all my, eNy or all my,eN,. If
||Han = Uy, (227)
then
¢In(np,)
0k+1vn_9k,n<Ta k=0,1,...,n, n=2,3, ... . (2.28)

Proof. The proof follows the line given by Erdos and Turan [3, p. 718; 2,4]. Let

n=In(n" tp,) + 2, (2.29)
reN,, and peN; (p=3) such that
Irp—1)<n—1. (2.30)

Suppose that
max (0k+1,n - Ok,n) = 0i+l,n - Oi,n = 25717 T = % (0i+l,n + Oi,n),

0<k<n

& =cost. (2.31)

Let ¢ and s be defined by (2.21) and (2.16), respectively. Observing that /(-) e P,_,
we see

n m—1
$(0) =(cos 0) =y(x) = > > ! (xi) A (). (2.32)
k=1 j=0

If all my, € N,, then we have by (2.4) and (2.2)

| .
||Afk||<j7d;‘! Al <8m’n’p,, j=1, 1<k<n,
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which, coupled with (2.27), gives
| Aul| <8m’rPpy,,  j=0, 1<k<n, (2.33)
If all my, e Ny, then we have by (2.2)

1.
||Aik||<j_;dk/||f40k||<2ﬂna

which also implies (2.33).

We separate two cases when min{0,,n —0,}>1/n and when min{0;,n —
0,}<1/n.

Case 1: min{0;,7 — 0,}>1/n. In [4, p. 537] it is proved that ¢(7)>1. Using this
inequality, and applying (2.31)—(2.33) and (2.22), we obtain

n m—1
=YY ¥ (x)A(©)
k=1 j=0

r+j
8m’n’u,

n  m—1

3n
Ok—‘E

¢;(rp)’
=1 =0 P'(sinf)”

<W<Z:)r+mil ni

r = (sin Gk

< ep(rp)"ntm=1) 1 <3n>
)z 5;1

Since the inequality p>3 implies that p — 1>2p/3, by (2.30) we get rp<3n. Using
this inequality and observing that 6, =n/[2(n + 1)], we get

3n\’
o ()
n

and hence

<

3 .
3 <£ emr™ +4p,]" (2.34)

Now choose
r=2[ In(n" )]

and

-1
p=1+2r }
r
which obviously satisfy condition (2.30). From these definitions we can obtain
estimations
r<In(n™ y,) (2.35)
and
r=2{4In(n" ) — 1} =L 4p,), (2.36)
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because m>2, n>=2, and p, > 1; meanwhile, by (2.29) and (2.35)

n—1 2n—1)—r n
2l4+2——1) = > . 2.37
priea(t o) S 237
Inserting estimations (2.36) and (2.37) into (2.34) we see
m?+4
5}1 <37'[3 ln(n + 'un) {cmnmz_’_{un}z/ln(nmz+4u”>. (238)

n
It is clear that for x>0 and x#1

" 1/ln x
xl/ln.\ _ eln(x ) — e.

Using this identity inequality (2.38) becomes

214 2
5n < 3n ln(nm :un)e C’i’/]n(n’”ZMu,,) < ¢ ln(n:un). (239)

n n
Case 2: min{0;,n —0,}<1/n. In this case let us consider the Hermite
interpolation based on the system of nodes (2.6) with
2

n
= . 2.40
a nz +1 ( )
By (2.10)
41 2n+1\" 3\"
itzl< ("t 2 s (142) <, (2.41)
n n n
By means of (2.6) we see that
-, 0; 0;)
azacosf =cosf =1 —2s1n27'>1 _{ é)
and hence according to (2.40)
1
0;=2(1 - a)]' > (2.42)
n
Similarly, we can conclude that
L1
n—0, 2;. (2.43)

Then we can apply the conclusion of Case 1 to the Hermite interpolation based on
the system of nodes (2.6) with (2.40) to obtain (using (2.41))

1
A 92,#%, k=0.1,...m, n=23,... .
To prove (2.28) it remains to estimate the difference 0, — 0. From (2.6) and (2.40) it
follows that

0k+6* . Qk—e* 1 " 1
in—— k sin 3 k :§|cos0k—cos0k|:§|0030k—a0050k|

1 1 1
== — <— —_— =
(1 a)|cos6k|\2(1 a) A1)

5 (2.44)
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Meanwhile, by virtue of (2.42) and (2.43) we have
9k+0}; 2 . {9/{4—92 Qk-‘r@,t}

. 5 2
sin —— 7Tmm y T 3
2 [0, m—0, 1
== ) =—
nmm{ 272 } nn
and
sin 0= O] 10— 03]
2 T
which, coupled with (2.44), yield
n’n 2
O — 07| < ———-<—.
10 = Ol 2(n2+1) 2n

At last, we conclude
Okt = 0k < Oy — Ok + 10y — Ok + [0; — Ol
2
< cln(np,) N_Sffln(nun).
n n n
This completes the proof supposing (2.29). When condition (2.29) does not hold, the
statement is obvious. [

Lemma 8. [f relation (1.5) is true then
Ociin—Om=S, k=12,..on—1, n=2,3, ... . (2.45)
n

Proof. The proof follows the line given by Erdos and Turan [3, p. 718; 4]. By Rolle
theorem and Bernstein inequality

1 _ AOk(COS Ok) — AOk(COS 0k+l)
|01 — O] Ok — Ok

which is equivalent to (2.45). O

<c(mn—1),
=0

B ‘d[Agk(cos 0]
N do

3. Proof of theorem

It suffices to show the sufficiency according to Banach—Steinhaus theorem. To this
end again applying Banach—Steinhaus theorem it is enough to show that (1.4) holds
for every polynomial.

Assume that P is an arbitrary polynomial. Let N be so large that PePy. Then

n m—1

P(x)=>" > P (x)Ap(x)

k=1 j=0
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and hence
n m—1
an(P7 X) = |Hnm(P7 X) - P(X)l = P(/)<xk)Ajk<x)

k=1 Jj=1

n m—1 m—1| n m—1

= P (o) A (x) | < PU () Ar(x)| =) S;.
k=1 =1 =1 k=1 =
(3.1)

(Here we agree that Ay = 0 for j>my.) To estimate S; we separate three cases when
j=1,7=2,and j=3 (if m = 2 then only the first case can occur).

First, by the same argument as that of [5, Theorem 4.1, pp. 73, 74] we can get the
estimations

S1 <3| P[ rum () (3.2)
and

S2 < || P Fum (), (3.3)
where

1P| = | max_[|PV]
and

rnm(x) = an(fl , x) + an(fb x)-
Next, to estimate S; (j>3) we need some preliminaries. Relation (4.12) in [5] states
that

n

D (= xi)? Aok (x) < 2rm (%),
k=1

which, together with (2.5), gives

n

D (= xk) A1 (x) <2 (x). (3.4)
k=1
Using this estimate and applying Lemma B, we obtain estimates
8 nm .
el <l G0 20), k=12, m (3.5)

k

and

Akl <4m?r?|[rmll, ke =1,2,....n. (3.6)
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Now for the estimate of S; (j>3) we use (2.2) and (3.4) to get that for a fixed x
s<||PY]] Z A ()| < ||| Z &7 A <cl[PON] Y dilAu(x)
k=1

=PI Y A+ Y dilAu(x)]
e —x|>d} Xk —x| <d?

< AP DY —x)du) + D Gl
| e —x|>d} |xk—x| <d?

< C||p(j)|

|[Fm || + Z d2|Alk( e (3.7)

Xk —x| <d?

Here we have to estimate the term d|A4x(x)|. By (1.5) and (2.28),

| Xk — Xp1] = |cos Ok — €08 Op 1] < (Ox 1 — O ) (sin Ok + Oy — Ox)

lnn< In n)
<c—|sinb +—|,
n n

similarly,

|xk — Xk—1] =|cos O — cos Op—1| < (0 — Or—1)(sin O + O — Or—1)

lnn< In n)
<c—(sinl +—|.
n n

Thus

I 1
dkg(:%(sinﬂk—f—%), k=1,2,...n. (3.8)

We distinguish two cases.
Case 1: sin 0y = (In n)/n. In this case by (3.5) and (3.8)

) Inn\’ In 7\ *8mn |||
dil A (x)|< ¢ - sinOp + — | ————

sin 0y,
1 : . 8 nm
<ec (nn> (2 5in 0,)° M
n sin 0y,

C(lnn)z\lrnmll'
n
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Case 2: sin 0 < (In n)/n. In this case by (3.6) and (3.8)

Inn\2/ . Inn\>
d,f|A1k(x)|< c<7> (sm 0« +—) 4m2n2||r,1m||

n

Inn\>/_Inn\> 2 5
<c|l— 2— | dm n?||rum||
n n

(In 7)* [
Se—a
<c (lnn)zurnm”
~ .

n

Thus in both cases

(ln”)znrnm”.

B An) <

(3.9)

It remains to estimate K, = card{k: |x; — x|<d}?}. Assume without loss of
generality that 0, <n/2, 1<k<n — 1. By (2.25) and (2.45)

|xXk — Xpt1| = |cos Ok — cos Ox11| = |2 sin[(Ok + Or+1)/2] sin[(Ox — Or+1)/2]|
> ¢|(0k + Os) 0k — O | = (0 — Os)* =/ (3.10)
Since (3.8) implies dx <c(Inn)/n, we can conclude that
K,<c(Inn)?. (3.11)
Then by (3.9) and (3.11)
(10 72)* ||
n

Y dlAux)<c

|xk—x|<d}

<cl[raml]- (3.12)

By (3.1)—(3.3), (3.7), and (3.12) we obtain
[ [ R (P)|| < e[| Pl "7 (3.13)
Therefore

lim || Rum(P)]| = 0.

n— oo

This completes the proof. [
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